
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



Geometry on the Cuspidal Cubic Cone. 

By Frederick C. Ferry. 



The geometry on the general cubic surface has attracted the attention of 
many mathematicians, and papers on the subject have been published by *Clebsch, 
f Diekmann, JSturm, §Rohn, and others. The geometry on the cubic cone seems 
to have received by itself little consideration, which may be due to the fact that 
no great difficulty is found in applying to these particular surfaces the results 
obtained for the general cubic. 

The following paper has for its object to investigate by the methods of 
analytic geometry the question of the order of the surface of lowest order which 
can be passed through any given proper curve on the cuspidal cubic cone, and 
also the character of the residual intersection in each case. 

A system of coordinates, %, (i, v , is selected for the representation by homo- 
geneous equations of curves on the cone in question, the degree of any such 
equation in % and [i being denoted by p and its degree in v by q. Any curve, 
whose equation is so represented, is found to pass p — q times through the ver- 
tex of the cone, and to meet every element of the cone in q points apart from 
that vertex. The order of the curve as a curve in space is proved to be p + 2q ; 
and this order is congruent, modulus 3, to the order of multiplicity of the vertex 
of the cone as a point of the curve. 

The investigation of the order of the surface S of lowest order (save in gen- 
eral the given cone itself), which can contain the curve considered, is then taken 
up, and it is demonstrated that that order is as low as p in every case, while the 
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residual intersection is made up entirely of the cuspidal edge of the given cone 
occurring 2(p — q) times ; but, if p = q, the curve is one of total intersection. 
If, however, p >• q + 2, the order of this surface S can be made lower than p by 
means of the substitution of x z z for y s in the equation of S, which renders that 
equation factorable by a power of x ; thus it is proved that this order of S can be 
so far reduced in every case that the residual intersection becomes of order not 
greater than four; and the residual intersection is still made up entirely of the 
cuspidal edge of the given cone occurring the requisite number of times. 

It is then pointed out that a curve given by an equation of entirely general 
form in the coordinates chosen passes 2q times through the infinite point of the 
cuspidal edge of the given cone, and meets that edge nowhere else except at the 
vertex of the cone; accordingly, the special form of equation necessary for the 
representation of curves which meet that cuspidal edge elsewhere than at the 
two points mentioned, and the number of conditions imposed in each case are 
determined. Then the order of the surface S of lowest order containing the 
curves of this kind is ascertained ; and it is proved that three of the four classes 
of curves here occurring are curves of total intersection, while in the case of each 
curve of the remaining class the residual intersection is made up entirely of the 
cuspidal edge of the given cone found twice only. 

A table of results for the curves of the lower orders is given at the end of 
the paper. 

The methods used throughout the paper are analogous to those employed by 
the same writer in papers on the geometry on the cubic scrolls.* 

I. — The Cuspidal Cubic Cone. 

The equation of the cuspidal cubic cone in homogeneous coordinates is 

y s — - a;% = . 

Let this cone, or the left member of its equation, as the case may demand, be 
denoted by X . The equation x = gives the cuspidal tangent plane, which has 
contact with the cone all along the cuspidal edge and accordingly contains that 

* " Geometry on the Cubic Scroll of the First Kind," Archiv for Mathematik og Videnskab, B. 
XXI, Nr. 3, p. 3-57. "Geometry on the Cubic Scroll of the Second Kind," Amer. Journ. Math., 
XXIII, p. 179-285. 
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edge three times ; y = gives the plane through both the cuspidal and the 
inflectional edges, containing the former edge twice and the latter edge once ; 
z = gives the inflectional tangent plane, which has contact with 2 all along the 
inflectional edge and hence contains that edge three times ; and s = gives the 
infinite plane, whose intersection with 2 is a cuspidal cubic curve, the " infinite 
cubic " in the geometry under consideration. The cuspidal edge of 2 is given 
by the equations x = 0, y = 0, and the inflectional edge by y = 0, z = ; while 
z = , s = are the equations of the inflectional tangent to the infinite cubic, 
s = 0, x = give the cuspidal tangent to the infinite cubic, y = 0, s = give a 
line through the cusp and the point of inflection of the infinite cubic, hence an 
infinite line, and <c = 0, z = give a line through the vertex of 2 but containing 
no other point of the cone. The vertex of 2 is given by the equations x = 0, 
y = o, a = 0, the cusp of the infinite cubic by aj = 0, «/ = 0, s = 0, and the 
point of inflection of the infinite cubic by # = , z = , s = ; the point whose 
equations are x = 0, 2 = 0, s = does not lie on 2 . 

II. — Coordinates on 2. 

Taking for coordinates on 2 the variables 31, p and v, so chosen that 
x/y = h/[i and xfs = %/v, the equation 2 = gives the following relation 
between the coordinates of the two systems, viz. 

x : y : z: s = X 3 : tffi : (i 3 : X*v , 

Then 31 = gives the cuspidal edge of 2 , p = gives the inflectional edge of 2 , 
and v = gives the intersection of 2 with the infinite plane, i. e., the infinite 
cubic. The vertex of 2 is given by the equations 31 = , (i = 0, the cusp of the 
infinite cubic by 31 = 0, v = 0, and the point of inflection of the infinite cubic by 
^=0,^ = 0. Any point of the cuspidal edge of 2 is given by an equation of 
the form (i — lev, where h is a constant ; thus, if h have the value zero, the equa- 
tion gives the vertex of 2 , and, if h have the value infinity, the equation gives 
the cusp of the infinite cubic. Similarly, any point of the inflectional edge is 
given by an equation of the form 31 = Jcv ; this equation gives the vertex of 2 if 
h has the value zero, and the point of inflection of the infinite cubic if h has the 
value infinity And, in like manner, any point of the infinite cubic is deter- 
mined by an equation of the form % = k(i ; the point thus determined will be the 
cusp of the infinite cubic if h has the value zero, and the point of inflection of 
that cubic if h becomes infinite. 
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III. — Curves on 2. 

It is evident that any proper curve on 2 may be represented by an irre- 
ducible homogeneous equation in the coordinates %, (i and v. Let such an equa- 
tion be designated by q> = 0, and let the degrees of that equation in all three 
variables and in the variable v respectively be denoted by p and q, which 
demands th&tp>q. The equation in question may then be arranged according 
to powers of v and represented thus : 

$ = &, + *.&,_! + ^.$v_ 2 -f ..-• +*"•<?>„_(,+ •••• +^.4> 1 ,_ g = ) 

and the curve given by this equation may be called the curve (p, q). 

Since the equation $ = is of degree p — q in the variables X, \l , it is evi- 
dent that the curve (p, q) in question has p — q points coincident at the point 
on 2 given by the equations % = 0, (i = 0, i, e., the curve (p, q) passes p — q 
times through the vertex of 2< These p — q points at the vertex of 2 will be 
regarded as lying on the p — q edges of 2 given by the equation $ p ., q = , and 
not, in general, on the cuspidal edge of 2 ; if, however, %- q has "k" 1 as a factor, 
then will a t of the p — q points in question be regarded as lying on the cuspi- 
dal edge. 

The cuspidal edge of 2 is given by the equation % = ; if the value zero be 
inserted in place of % in the equation $ = 0, there results in general an equation 
in u, v of degree p of the form u v ~ q . <fy q = 0, where i|/ g is homogeneous in u, v ; 
the factor ^ p ~ 9 corresponds to the p — q points of the curve at the vertex of 2, 
while 4*9 = gives the q values of u/v for the q remaining points where the curve 
meets the cuspidal edge of 2 ; hence, the curve (p, q) meets the cuspidal edge o/2 
in q points in addition to the p — q points of the curve at the vertex of 2 . 

Similarly, the inflectional edge of 2 is given by the equation u = , and, on 
inserting that value for [i in the equation $ = , there results in general an 
equation of the form W-i .<4>' q — 0, where ty is homogeneous in %, v; the factor 
V ~ q corresponds to the p — q points of the curve at the vertex of 2 , while 
4^ = gives the q values of %/v for the q remaining points where the curve 
(p, q) meets the inflectional edge of 2 ; hence, the curve (p, q) meets the inflec- 
tional edge ofXinq points in addition to the p — q points of the curve at the vertex 
ofZ. In the general case (i cannot be a factor of 4> q and X cannot be a factor of 
4-g ; the special cases where such factors occur will be considered later. 
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Any plane through the cuspidal and inflectional edges of 2 will pass through 
the vertex of 2 and will contain the cuspidal edge twice and the inflectional edge 
once. Consequently, such a plane will contain p — q points of the curve (p, q) 
at the vertex, 2q points of that curve along the cuspidal edge, and q points along 
the inflectional edge; thus this plane will contain p — q + 2q + q=p+ 2q 
points of the curve in question. Hence, in the general case, the order of the curve 
(p, q) as a curve in space is p-\-2q. Let m denote this order of the curve (p, q) ; 
then, in general, m =p + 2q. 

An edge or element of 2 is a straight line, hence of order unity as a curve 
in space ; consequently, an edge of 2 is a curve (1, 0), and as such is given by an 
equation of the form aX + bp = . This equation gives the cuspidal edge if b/a 
has the value zero, and the inflectional edge if b/a is infinite. Since this equa- 
tion of the edge does not involve the variable v, it follows that an edge, in gen- 
eral, has q = points, i. e., no points in common with the cuspidal edge or the 
inflectional edge, apart from the vertex of 2. Thus, a homogeneous equation 
$ p (/I , ft) = of degree p in the coordinates 2, , u represents p edges of 2 . These p 
edges may be wholly or in part distinct or coincident, and all together may be 
regarded as making up a (p, 0), as their equation $ p = shows. Evidently, the 
only curve having q = is that consisting of an edge or group of edges of 2. 

To determine the points of intersection of any edge, whose equation is 
ah + b/i = 0, with the curve (p, q) given by $ = 0, it is necessary to give "k the 
value X = — b/a. ft in the equation <£>= ; this equation then takes the form 
(i p ~ 5 . ^q = , where 4>q is a homogeneous polynomial in [i, v of degree q; the 
factor [i p ~ q corresponds to the p — q points of the curve at the vertex of 2 , and 
4^' = gives q values of p/v corresponding to the q points where the curve 
meets the edge in question. Hence, the curve (p, q) has q points on each edge of 
2 , in addition to the p — q points of the curve lying at the vertex of 2 . Particular 
edges of 2 , as already implied, may have one or more of their q points of the 
curve lying at the vertex of 2, but none of the p — q points at the vertex of 2 
is to be regarded as lying on more than a single one of the edges at that point. 

Since p+ 2q is congruent to p — q, modulus 3, it follows that the order of 
the curve (p, q) as a space curve is congruent, modulus 3, to the number of times 
the curve in question passes through the vertex of 2 ; if 7t denote the order of 
multiplicity of the vertex of 2 as a point of the curve (p, q), then m and n are 
connected by the relation rn==n (mod 3). 
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Two curves {p, q) and (p', q'), where p=p' and q = q', are said to be of 
the same species. The theorem stated above shows that the only possible curves, 
when 7t = (mod 3), are of the orders 3, 6, 9, 12, 15, etc., and of the species 
(1, 1), (2, 2), (3, 3), (3, 0), (4, 1), (4, 4), etc. ; if n=l (mod 3), the only possible 
curves are of the orders 1, 4, 7, 10, 13, 16, etc., and of the species (1, 0), (2, 1), 
(3, 2), (4, 0), (4, 3), (5, 1), etc., and, if % = 2 (mod 3), the only possible curves 
are of the orders 2, 5, 8, 11, 14, 17, etc., and of the species (2, 0), (3, 1), (4, 2), 
(5, 0), (5, 3), (6, 1), etc. 

It will be supposed, unless otherwise stated, that the equation $ = is irre- 
ducible and entirely general in form ; consequently, that equation will not repre- 
sent henceforth any curve (p, 0) where p has a value greater than unity. 

IV. — The Curve (p, q) as the Intersection, Total or Partial, of a Surface S with 2. 

To find the equation of a surface 8 cutting the curve (p, q) from 2, it is 
necessary to substitute x, y, z and s in the equation of the curve (p, q), accord- 
ing to the laws connecting the space-coordinates x, y, z, s with the 2-coordinates 
a,, [i, v ; i. e., /I 3 , tfjA, [t 3 and % % v are to be replaced respectively by x, y, z and s 
in accordance with the proportion 

x : y : z : s = 2? : tffi : [i s : % % v. 

Or, the same result may be accomplished by replacing %, (i and v respectively 
by x, y and s, which substitutions satisfy the proportion 

x :y :z:s = X :/z :{i 2 /?o z .[i:v. 

Following the latter substitutions, any curve (p, q), given by the equation 
$= 0, meaning $(Jl, (i, v) = 0, is cut from 2 by a surface whose equation is 
$(x, y, s) = ; the surface is, in this case, a cone with its vertex at the point 
given bya5=0,2/ = 0,s = or A = 0,v = 0, and will be designated by C. 
Since 4> is of degree p — q in h, (i, the equation $(x, y, s) = is of degree 
p — q in the variables x, y; hence the cuspidal edge of X occurs p — q times on 
C as an edge of that cone, corresponding to the occurrence of the vertex of X as 
a (p — g)-tuple point of the curve (p, q). The cuspidal edge of 2 accordingly 
counts 2 (p — q) times in the intersection of 2 and C, leaving a remainder of 
order Zp — 2{p — q) =p + 2q = in, which remainder is the curve (p,q)- 
Hence, the curve (p , q) is cut from Xby a cone C of order p whose residual inter- 
section with 2 is made up entirely of the cuspidal edge of 2 occurring 2 (jp — q) 
times. 
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Let the order of the residual intersection in any case be denoted by B, 
while Bi shall denote that portion of the order of the residual intersection due 
to the intersection of sheets of surfaces regardless of contact of sheets, and B c 
shall denote the remainder of the order of the residual intersection, the portion 
of the whole order of the residual intersection which arises solely from contact 
between the surfaces in question ; then, evidently, B = B { + B c . Let the order 
of multiplicity of the cuspidal edge of 2 on the other surface under consideration 
be designated by/. 

A sufficient condition in order that the curve (p, q) be the complete inter- 
section of 2 and C is that B have the value zero, demanding that 2 (p — q) = 
or^> = q ; such a curve does not pass at all through the vertex of 2 and is char- 
acterized by that fact among all the curves {p, q) given by equations of entirely 
general form. Thus, any curve (p, q) having p = q is the complete intersection of 
2 with a cone C of order p. Evidently no curve of this variety can be cut from 
2 by a surface of order less than p. Curves of this kind will be grouped in the 
class designated as Class I. 

The vertex of the cone C is the infinite point of the cuspidal edge of 2, — the 
cusp of the infinite cubic,— a point having a special relation to the geometry under 
consideration ; and the question arises as to the number of times any curve (p , q) 
passes through this point. In order to determine this, the intersections of the 
curve (p, q) with the infinite cubic will be considered. The infinite cubic is 
given by the equation v = ; hence, if the equation of the curve have its terms 
arranged according to the powers of v, thus 

$3$V + v.fc_ 1 + .... +v'.fc,_,+ .... +*».$,_,= 0, 

the insertion of the value zero for the variable v gives the equation q> p = , 
homogeneous in A,, p, determining the p edges of 2 on which p intersections of 
the curve (p, q) with the infinite cubic lie; or, <£> p = gives p edges of 2, on 
which edges infinite points of the curve in question are found ; or, again, the 
equation $ p = determines p directions in each of which the curve (p, q) meets 
the infinite plane. In the general case % will not be a factor of ty p , and, conse- 
quently, none of these p points will lie at the cusp of the infinite cubic. From 
the form of the equation <£> (x, y, s) = 0, which gives the cone C, it is evident 
not only that the cone C contains the cuspidal edge of 2 p — q times, but also 
that the point in question is of multiplicity of order q on C in addition to the 
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multiplicity due to the multiple edge ; this leads to the occurrence of the vertex 
of the cone C as a 2^-tuple point in the intersection of 2 with C, in addition to 
the occurrence of the cuspidal edge of 2 2 (p — q) times in that intersection. 
Hence, the curve (p, q) passes 2q times through the cusp of the infinite cubic. This 
makes the infinite plane meet the curve (p, q) in these 2q points, besides the p 
points elsewhere on the infinite cubic, giving in all p + 2q points of intersection, 
— the order m of the curve in question. The only curves (p, q), given by equa- 
tions of general form, which do not pass at all through the infinite point of the 
cuspidal edge of 2, are, then, those having g = 0, i. e., edges of the cone 2 ; 
other curves (p, q) having this property, but given by equations of special form, 
will be considered later. 

Any curve (p, q) has then, in general,^* — q+ 2q or p + q points at the 
vertices of the two cones 2 and C ; and, since a plane through these two points 
contains the cuspidal and some other edge of 2, the latter edge containing q 
points of (p, q), it follows that the cuspidal edge of 2 contains, in general, no 
points of the curve (p, q) apart from those at the vertices of 2 and C. Hence, 
the equation $ = 0, in its most general form, can represent only those special curves 
(p , q) which cut the cuspidal edge of 2 at its infinite point and at the vertex of 2 or 
at either of these two points. Thus the curves of Class I can meet the cuspidal 
edge of 2 only at the cusp of the infinite cubic, and must each have a 2^-tuple 
point there. The particular forms of the equation 4> = 0, which give the most 
general irreducible curves on 2 , are for the present neglected. 

Let o denote the number of times the curve (p, q) passes through the cusp 
of the infinite cubic; then, in the general case, as has been seen, p= 2q. 

The cones 2 and C can have no other common edge than the cuspidal edge 
of 2, for the residual intersection is entirely made up of the cuspidal edge of 2 ; 
and it is supposed, in general, that m> 2. Any plane through the cuspidal edge 
of 2 contains also a second edge of 2, and on that second edge lie q points of the 
curve (p, q) ; hence, through each one of these q points of (p, q) must pass an 
edge of the cone C ; these q edges will be, in general, distinct, and will contain 
no other points of (p, q) apart from the vertex of C . If Q denote the number 
of points in which any edge of C meets the curve (p, q) apart from the vertex of 
C, and P, after the analogy of p, be defined by the equation P + 2Q = m, then 
will it be possible to call the (p, q) on 2 a (P, Q) on C. But it has been seen 
already that Q = l, hence P = m — 2Q=zm — 2=-p + 2q — 2. The curve 
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(P, Q) passes through the vertex of C 2q times and through the vertex of 2 
p — q times. The cuspidal edge of 2 is a (p — <7)-tuple edge of C, hence any 
plane through it contains p — (p — q) = q other edges of C; on each of these 
q edges lies a point of the curve (P, Q) ; these q points, together with the p + q 
points on the (p — ^)-tuple edge, make up the p + 2q points in which the curve 
(P, Q) or the curve (p, q) meets the plane in question. 

Every edge of 2 meets the curve (p, q) p — q times at the vertex of 2, but 
only those edges will be regarded as meeting the curve there which are given 
by the equation <p p .-.q = 0, where <p p _ q is the coefficient of the highest power of 
v occurring in the equation of the curve (p, q) ; 4> p _ g = is homogeneous of 
degree^? — q in %, (i and gives the p — q edges of 2 to which the curve (p, q) 
is tangent at the vertex of 2, as will be shown in a subsequent section. The 
curve (p, q) can then have the direction of the cuspidal edge at the vertex of 2 
only if ty p - q has a factor Jl, and the direction of the inflectional edge only when 
ft is a factor of the same polynomial ; these cases have thus far been excluded 
from consideration. 

This completes the discussion of the curve (p, q) as cut from 2 by the cone 
C, and the single class of curves of complete intersection here found may now 
be characterized thus : 

I. p = q, m — Zp, % = 0, p= 2q= 2p, m' =p, /= P = i^ = i2 c = 0. 



Any term in the equation $(x, y, s) = 0, which contains y 3 , may have that 
factor changed to x*z as many times as it occurs, since X = y 3 — xh = ; and 
the surface S, whose equation is C=C + C"y s = , has the same intersection 
with 2 as the surface whose equation is obtained from C = by adding any 
multiple of 2 thus : 

G— C"X = G + G'y 3 — C"X =C' + C"x 2 z - 0. 

This substitution of xh for y 3 , wherever the latter occurs, will give at once 
the equation of a surface S which is not in general a cone, although it still cuts 
the curve (p, q) from 2 and has its residual intersection with 2 made up entirely 
of the cuspidal edge of 2 ; and, further, it will make possible in many cases the 
reduction of the equation of that surface S by a factor x", giving a surface, not a 
36 
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cone, of order less by a than p, i. e., giving a surface which is of the order 
m 1 =p — a. The residual intersection must consist in this case of the cuspidal 
edge of X occurring to the number of 2 (p — q) — 3a times. If the factor x a has 
3a = 2(p — q), then will the curve (p, q) in question be a curve of complete 
intersection ; this demands that p — q = 6 (mod 3), and thus it is seen that here 
a curve of complete intersection passes 3k times through the vertex ofZ,h being an 
integer as great as zero. The form which the equation $ = must have, in 
order that it be factorable thus after the substitution is performed, is found in 
the following manner : Let the equation <£> = be arranged according to the 
powers of the variable v and represented thus : 

and, further, let the general term of the polynomial q> p _ g + y be denoted by 
a fi<y X p (i p ~ q + y ~ **. Inserting x and y in place of A, and [i respectively in this 
general term, there results the form a^ y x^y p ~ q + y ~ fi , which, on substituting xh 
for y 3 as many times as possible, reduces to 

a ft ^B*'» + «<»-« + »)^*-«+»-» if p — q+ r — p = o (mod 3), 

or a pv a;ie + 3<P~<z + Y-i> 2/a i<j»-« + Y-0-:i) ) ifp — q+y — (3=i (mod 3), 
or ap>v a;i0+l<p-? + Y-2y a i(i.--<r + v-e-2) ) if p _ q _j_ y _ ^ = 2 (mod 3), 

three cases, according to the congruence of the index of the power of n to the 
modulus 3. That a factor x a , where a = %{p — q) be removable by division 
from each of these terms, it is necessary that 

i/3 + t (p-q + y)>i(p — q), i. e., (3> — 2y,ifp — q + y — /3 = (mod 3) 
W + i(p-q + y- 1)>4(P — q), i. e. f /?>2-2y, 

ifi» — q + y — /3=1 (mod 3), 

i/? + #(p-<? + y — 2)>f(p — 2 ), i. e., 0>4-2y, 

if jp — q + y — /?=2(mod 3). 

If y = 0, the last terms of $ p - q , on which terms alone of this group any restric- 
tion could be placed by these conditions, are of the form 

and, since p — q = (mod 3), the necessary conditions for (3 are all satisfied if 
only «i (0 vanish. Similarly, it is seen that no restrictions whatever are imposed 
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by these conditions for /? on any of the terms in the groups where y > 1 . 
Hence, there is given a curve of complete intersection whenever p — § == 
(mod 3), and a uo = 0. This case, which includes the curves of Class I above 
(the condition a li0 = being always satisfied there), may be called Class I', and 
is characterized thus : 

I'. P>q, p — q = (mod 3), «,,<>= 0, rn =p + 2q, n=p — q, 

p=2q, m> = $(p+2q), f=zR = B i =R c = 0. 

In general it is not possible to divide out from the equation of the surfaces 
8 a factor of degree as great as the order of the residual intersection, but a cer- 
tain reduction can usually be made. The nature of such reduction in the gene- 
ral case will now be considered. The equation $ = 0, when arranged according 
to the ascending powers of v, takes the form 

<t>=% + v.$ p _ 1 + *».$>_,+ .... +„».^_ # + .... + r«.^_ f = 0; 

here arise at once three cases, according as 

l)i>-0 = O(mod8),^ r l)p — q=3A, 

2 ) P — q = * ( m °d 3 ) » Y' 1 ' e -> according as < 2) p — q = 3 A + 1 , 

or 3) p — 2 = 2 (mod 3); J lor 3) p — q = 3A + 2. 

where A is an integer as great as zero. 

Case I. p — q = 3A. Here A may be supposed to be as great as unity, 
since the case where p — q = has been already considered. The general term 
of the polynomial $ p - g is of the form a r X 3A ~ r [i r ; this term becomes at once 
a r x 3A ~ r y r , and this, after neglecting the coefficient and changing y 3 to xh as many 
times as possible, may be reduced to one of three forms, according to the congru- 
ence of r to the modulus 3, thus : 



x 



^-yz=x 3A ~ r + ir zi r = x 3A ~ ir z ir , if r = (mod 3); 



_ a .3A-r + i(r-l)„^(r-l) =:m 3A 



y Z W-» = V**-W + 2)y Z \(r-X) f if r =! ( mo( J 3). 
— a **-r + i(r-2) y l g Hr-V= x S*-i(r+i) y * z i(r-2) ) if r = 2 (mod 3). 

In each case there occurs a factor x a , where a > 3 A — J (r + 4) > f (p — q) — 1 , 
since A = \ (p — q) and r<p — q ; hence division by a3 l(p_9)_1 is made possible 
in all the terms obtained from the group $ p -g. Since the terms derived from 
any other group $ p _ e , where 6<q — 1, will be at least one degree higher in 
the variables x, y than those coming from $ p - q , it is evident that the factor 
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x i<p-e)-i can b e rejected from the entire equation. The order of the surface S 
then becomes m! = p — f (p — q) + 1 = \{p + 2q) + 1 , and the residual inter- 
section must consist of the cuspidal edge of 2 occurring 2 (p — q) — 3a 
= 2 (p — q) — 2 (p — q) + 3 = 3 times, requiring that /=1 , R t = 2 and jB c = 1 ; 
hence the surface 8 has the plane given by x = for its tangent plane all along 
the cuspidal edge of X , the surfaces S and 2 having contact all along that line. 
The same may be found at once to be true by investigating somewhat more care- 
fully the forms of the terms given above, thus : Dividing out x a = x i(p ~ q) ~ 1 from 
each of the three forms given leaves 

x v-Q-ir-i(P-a) + i z ir=. x i( P -<i)-ir + \ z ir t if r = (mod 3), 

x p-q-Ur + 2)-UP-q) + ly Z i(r-D = x i(p-«)~i(r-l)y Z W-l) f if r =i (mod 3), 
Or x P-Q-Hr + i)-t(p-q) + ly2 z i<.r-S> = x ilp-q)-ilr + l)yi z i(r-») t if r = 2 (mod 3). 

Since r<p — q, the lowest terms m. x,y come from the first group and are of 
the first power in those variables, containing only x ; all terms from the second 
and third groups will be of at least the second degree in x, y and will contain y. 
Curves of the kind here considered will be said to belong to Class II and may be 
characterized thus : 

II. p>q, p — 2 = (mod 3), m —p + 2q, n=p — q,p = 2q, 

m'=$(p + 2q) + l, f=l, B = S, R t =2, R t =l. 

Evidently no curves of complete intersection are included in this class. 

Case 2. p — g=3A+l. The general term of %- q , of the form 
a r h 3A ~ r + 1 n r , becomes at once a^~ r + 1 y r ; and this, after neglecting the coeffi- 
cient and changing y 3 to x*z as many times as possible, takes one of three forms, 

x 3 *- r + 1 y r = x 3A - r + 1 + %r z ir = x 3A - ir + 1 z ir , ifr=0 (mod 3), 



_ x 3&.-r + l + i(r 



-l) y Z Ur-» ^aM-ur-i) y z ur-i) t if r =i ( m od 3), 



= a .SA-r + l + i(r-2)^i(r-2)_ a; 3A-Hr+l)^ 2 *(r-l) ) if r = 2 (mod 3). 

These terms are all divisible by x a , where a = 3A — ^ (r -f 1) > f (p — q — 1) . 
It is evident that all the terms of higher degrees in x, y coming from the groups 
&,_(,, where 6<q — 1 can be divided by the same x a ; hence, the entire equa- 
tion contains the factor x l(p ~ q ~ 1] . The order of the surface S is then p — a 
— p — $(p — q — i) = i(j?+ 2q-\- 2), and the residual intersection consists of 
the cuspidal edge of 2 occurring 2 (p — q) — 3a = 2 (p — q) — 2 (p — q — 1) = 2 
times, demanding that /=. 1, R = Ri=2 and R = ; thus the surface S con- 
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tains the cuspidal edge of X once. The same may be seen at once to be true 
from the forms of the terms given above. Curves of this kind will be grouped 
in Class III and may be described thus : 

III. p — <7=1 (mod 3), m=p-{- 2q, n = p — q, p=2q, 

w' = itP+ 2? + 2),/=l, B=2, B ( =2, B e =0. 

Case 3. p — q — 3A + 2 . The general term of $ p _ q is of the form 
a r 7^ SA ~ r + z ix r ; this becomes at once a r x 3A ~ r + *y r ; and this, after neglecting the 
coefficient a r and replacing y 3 by x 2 z as many times as possible, takes one of 
three forms, thus : 



ay 



,3A- 



■r+Zy* - X ^-r + 2+ir Z ir= x U-ir + 2 z ir j if r = (mod 3), 



_ x 3A-r + Z+ Ur-l) yz i(r-l)= x SA-Ur-i) yz Ur-U if r = 1 ( m0 d 3), 
_ a .3A-r+2 + i(r-2) 2/ 2 2 ,Hr-3)= x 3A-i(r-2y 2 i(r-2 )) [{ r = 2 (mod 3). 

These terms are all divisible by x a , where a = 3A — \{r — 2) > f (p — q — 2). 
It is evident that all the terms of higher degrees in x, y, coming from the groups 
%-e, where 6<<l — 1 > can be divided by the same x a , hence x %<J? ~ q ~ 2) is a factor 
of the entire equation. The order of the surface S may be reduced thus to 
p — a = p — f (p — q — 2) = £ (p + 2q + 4), and the residual intersection con- 
sists of the cuspidal edge of 2 occurring 2 (p — q) — 3a = 2 (p — q) 
— 2 (p — q — 2) = 4 times, giving B = 4 ; and, since each term above is of degree 
at least as great as two in the variables x, y, after the rejection of the factor af, 
it is clear that /= 2, i^ = 4, and, consequently, B c =-0; accordingly, the sur- 
face S contains the cuspidal edge of X twice. This case includes the curves which 
will be said to form Class IV, and may be characterized thus : 

IV. p — q= 2 (mod 3), m =p + 2q, n =p — q, p= 2q, 

m' = %(p + 2q+4),f=2, B = 4, i2,= 4, B e =0. 

Since p — q=P + 2q (mod 3), and since a necessary condition for a curve (p, q) 
of complete intersection is that rn — p-\- 2q = (mod 3), it follows that no 
curves of total intersection are included in Classes III and IV. 

This disposes of the cases of all curves (p,q) which are represented by 
equations of the most general form for the values of p and q in question. But, 
since every such general equation has been found to represent a curve (p, q) 
passing ^> — q times through the vertex of X and 2q times through the cusp of 
the infinite cubic, it is evident that many general curves, including all curves of 
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order greater than unity which do not contain either the vertex of 2 or the cusp 
of the infinite cubic, remain to be given by equations of special forms. 

Curves (p, q) given by Equations of Special Forms. 

It is possible to determine the conditions under which a higher power of x 
than that given above can be rejected from the equation obtained from the per- 
formance of the required substitutions in the equation <?> = ; such greater 
reduction will give a surface of lower order containing the curve in question, and 
it may happen that the curve itself will suffer a reduction in its order by the 
rejection of some of the terms which appear in the general equation for its 
arrangement of^> and q. 

If the terms of the general equation of the curve (p , q) are arranged accord- 
ing to powers of v , thus : 

* = *, + <&,_!• r + $> p _ 2 .v a + .... +q> p _ t + y . v *-y+ .... +f p _ s . r *=o, 

any term of the general group $ p - q+y is of the form a ?ty X p (i p ~ i + y ~ ? and, if the 
substitution be performed, this term becomes at once a^ y x B y p ~ i + y ~ p ; and this, 
on changing y 3 to x*z as many times as possible, takes the form 

a,,^*' + *"-« + *>**»-« + »-» if p — q + y — @ = (mod 3), 

or a/3 ^0 + i(i>-s + Y-i) 2/2 *(i>-s + 7-0-i) ) ifp — q + y _ £ = 1 (mod 3), 
or a^n-HP-t + y-Dtffip-i + y-fi-^ tf p _ q + y— 0=2 (mod 3). 

If jp — g , ~0(mod3), it has been found that the factor x% where 
a = f (P — <?) — 1 » can always be removed by division from the substituted 
equation ; if a factor x a+a \ where a'> 1, is to be removable in the same way, it 
is necessary that the exponent of x in each of the above reduced terms be as 
great as a + a' = f (p — q) — 1 + a' ; i. e., it is necessary that i/? + f(i> — ? +y) 
^ f {p "~ <?) — 1 + a', which requires that 

/?>3a' — 2y — 3, if p — q + y— = (mod 3). 
Similarly must /3>3a' — 2y— 1, if p — q + y — /? = 1 (mod 3), 
and 0>3a' — 2y + 1, if p — ? + y — /? = 2 (mod 3). 

These conditions require in general that all those terms of the general equation 
of (p, q) vanish, where /?, or better (3 + 2y, falls below a definite limit depend- 
ing on a'. For smaller values of a', the terms which must vanish in any group 
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^-4 + y are those of lower degrees in X, and the larger number of terms 
must vanish, in general, in those groups where y has the smaller values, i. e., 
where v enters to its higher powers. The terms in the group $ p - q .v q cannot 
all be made to vanish, else the species of the curve in question would be changed 
by a reduction in the value of q ; and the highest value of a' may occur only 
when the single term highest in (3 f 2y in this group, viz., a p _ q> Q 9i p ~ q v q alone 
remains; this term, under the required substitution, becomes a p _ q> <$? ~ V 2 and 
the upper limit for a' here involved is found to be \ (p — q) + 1, since a + a' 

= f (P — g) — 1 + a' >p — q. 

Again, there must occur in the equation of the curve in question one term 
at least which does not involve the variable %, else that equation would be reduc- 
ible by some power of that variable. Among the possible terms in (i, v, that 
involving the highest value of /3 + 2y , and hence the highest value of a', is the 
term a 0(S ^; this term becomes, under the required substitution, a 0>q y p , and, on 
changing y s to xh as many times as possible, it is found that 

«o, q y p = «o,g z |p ^ p > if p = (mod 3) , 

or = a 0> q x i( » ~ v yz i(p ~ l \ if p — 1 (mod 3) , 

or = a 0) q x i( *-® y*z i(p - 2 \ if p = 2 (mod 3) . 

Hence a + a/ has for an upper limit \p, f (p — 1) or f (p — 2) according as 
p = 0, 1 or 2 (mod 3) ; since a — f (p — q) — 1 , this gives upper limits for a' 
as follows : 

af<iq+l, if p = (mod 3) , 
or a '<% q + \, if p=l (mod 3), 

or a'<%q — \, if p=2 (mod 3). 

Then not only must a' be less than or at most equal to \(p — q) +1 , but it must 
also satisfy the appropriate one of the last three conditions here found. 

To restrict the general equation of (p, q) in such a way that the desired 
reduction by x a + "' may be made, the coefficient a Pt Y in the assumed general 
equation must take the value zero whenever the conditions found above for (3 
are not fulfilled. Examining these conditions, it appears that a p<y would vanish 
by the third condition above, if the equations ft = 3a' — 2y and p — q + y 
— /? SE 2 (mod 3) were both satisfied, since /3 = 3a' — 2y < 3a' — 2y + 1; but 
if /? = 3a' — 2y, then is p — q + y — (3 =p — q -j- 3 (y — a') = (mod 3), the 
condition that p — <Z + y — /?=2 (mod 3) is not satisfied, and a Pi y does not 
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vanish in this case. If @ = 3a' — 2y — 2, then p — # + y — fi = jp — 2 

+ 3 (y — a') + 2= 2 (mod 3), and the coefficient a p>y vanishes in this case under 

the third condition above, since 3a' — 2y — 2 < 3a' — 2y + 1 . Also a Pi y must 

vanish for all values of /?, y where < /? < 3a' — 1y — 4. 

In order that all these conditions may be applicable to the coefficients of 

the equation in question, it is necessary that in the case of no one of them shall 

values of (3 , y occur, which are not found in the coefficient a /5> y of some term of 

the equation ; i. e., for all values of y occurring, must 3a' — 2y — 2 < p — q + y ; 

this reduces to the condition that a' < \{p — q) + § + y ; difficulty arises here 

only when a' takes its largest value i (p — q) + 1 , and y has the value zero ; 

in that case \{p — q) + 1 >\(p — q) +f + y, and this condition fails to find 

application; the form of the coefficient for the application of this condition in 

this case is a p<y = a Sa ,_ Zy ._ 2< =a J) _ 3 + 1> ,.and it is evident that the equation 

of the curve (p, q) contains no such coefficient. If, then, a' = J (p — q) + 1, 

one condition above is inapplicable ; but if a' < | ( p — q) + 1, the conditions all 

find application to the coefficients of the given equation. 

The number of conditions imposed on the equation ty = in the case where 

O'-i] 
p — q = (mod 3) is then ^ (3a' — 2y — 2) + 1 , if a' < \ (p — q) + 1 and 

o 

even , or Zl (3a' — 2y — 2) , if a' <C | (p — q) + 1 and odd ; this amounts 
o 

to fa' (3a' — 2) + 1 , if a' be even, and to i(3a' — l) 2 , if a' be odd ; hence the 
number of conditions imposed on the general equation of (p, q) to ensure the 
desired reduction by x a+a ', when a' = ^(p — q) + 1, is fa' (3a' — 2), if a' 
be even, and i(3a' — l) 2 — 1, if a' be odd and greater than unity, but unity, 
if a' = 1 . 

The equation <£> = , after such conditions have been imposed on its coeffi- 
cients, will be called the restricted equation q> = ; the curve represented by an 
equation thus restricted will be designated as a (p, q) a , and the surface cutting 
such a curve (p , <?)»< from 2 will be denoted by $ . 

The most general equation for a curve (p, q), where p — q = (mod 3), 
has been found to give a curve of order p -f 2q, which is cut from 2 by a surface 
S of order \ (p -+- 2q) -f- 1 , the residual intersection consisting of the cuspidal 
edge of 2 occurring three times, so that /= 1, B = 3, Ei = 2, B e = 1. If the 
condition that a' = 1 be imposed, the surface S' will be given by an equation of 
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degree \(p + 2q). The conditions imposed on the equation <£> = are not in 
general such that the restricted equation $ = will be a reducible equation ; 
hence, if the curve (p, q) be broken up at all to form the curve (p, q) a ,, it can 
be brought about only by introducing into the locus of (p, q) the cuspidal edge 
of 2 as many times as is demanded by the value of a', that value having been 
reduced first by the order of the residual intersection of S and 2 ; hence it will 
in general be true that the residual intersection of 8' and 2, if any such residual 
intersection exist, consists entirely of the cuspidal edge of 2 occurring as many 
times as the order of the residual intersection in question. This will be true 
generally, whether p — q = (mod 3) , or not. 

In the case under consideration, where p — q = (mod 3) , the condition 
that a' = 1 does not cause the coefficient a 0)0 to vanish, for /? = y = makes 
p — q + y — @ = P — <7 = (mod 3), and the first condition for /?, viz., that 
/3 > 3a' — 2y — 3, is satisfied here since = 3a' — 3 ; hence the term a 0y0 [i p ~ q v q 
is not removed from the equation of (p, q) ; this term, under the substitutions 
required, becomes a 0t0 y p ~ q s q = a 0t9 x i(p ~ q) z iip ~ q) s q ; and the rejection of the 
factor x a + a ' = x iip ~ q) gives a 0)0 z l(p-9) s ? , a term free from both x and y; con- 
sequently the cuspidal edge of 2 does not occur at all on S 1 and the curve 
(p, q) a , is accordingly a curve of total intersection of 8 and 2 whenever a' = 1 
The number of conditions imposed on the equation in this case is found by the 
formula given to be J (3a' — l) 2 = J (3 — l) 2 = 1 , if a' < i (p — q) + 1 , i. e. 
if p^>q, which is always true in the cases under consideration, the case where 
p=q having been finally disposed of on page 277 ; the single condition to be 
applied here, as determined by the value /? > 3a' — 2y — 2 and p — q + y 
— 0= 2 (mod 3) , is a^ y = a w _^_ % , y = a 1 _ 3yty = a h0 = 0. 

In the case where a' had the value zero, the residual intersection was found 
to be made up of the cuspidal edge of 2 occurring three times. The rejection 
of x a ' = x, since the plane x = contains that edge three times, simply removes 
the residual intersection and does not change the order of multiplicity of the 
vertex of 2 or of the cusp of the infinite cubic on the curve proper; i. e., 
n and p have the same values in the cases of the curve (p, q) x and the curve 
(p, q); viz., n —p — q and p = 2q. 

The curves (p, q) lt where p — ^ = (mod 3), are then identical with those 
of Class I' (page 279), characterized thus, 

I'. P>q,p — q~0 (mod 3), a'= 1, a h0 = 0, m=p -f 2q, rt — p — q, 

f ,= 2q,m' = ^(p-\-2q),f = E=B i = B e =0. 
37 
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If a'>2, the natures of the curve (p, q)„, resulting, and of the surface S' 
cutting the same from X, are found as follows. The order of the surface S is 
I ( p + 2q) + 1 ; hence the order of the surface S' must be less by a' than that 
number, i. e., i (p + 2q) + 1 — a'. It has been seen that the coefficient a fty , 
where (3 = 3a' — 2y — 3, is not made to vanish for any value of a'; since, in 
any group $ p _ q + y , the variable X occurs in general in some term to the power 
p — q + y, there will occur in the equation of the curve (p, q) a , a term where 
(3 = 3a' — 2y — 3 if < 3a' — 2y — 3<p — q + y; the former condition is satis- 
fied when y = and a' > 2 ; the latter condition demands that 3a' < p — q + Zy -f 3 
and is always fulfilled, since aJ<\{p — q) -f- 1 ; hence the equation of (p, q) a , 
always contains a term of the form 

which becomes, under the required substitution, 

u ZaJ — 2y — 3, Y* y 6 

If in this term sc 2 2 be substituted for y 3 as many times as is possible, it takes 
the form a 3a ,_ 2Y _ 3fV x^-« ) - 1 + a ' j(H»-a> + v— ' + 1^-*. Rejecting the factor a a+a ' 
_ a .j(i.-j)-i + «' f rom this term leaves only a3 a '_2Y-3, v 2 * (J ' -5f)+Y ~ a ' + 1s?-v » which is 
of the zeroth degree in x, y; consequently, the equation of the surface S' , which 
cuts the curve (p, q) a , from X, where p — ^ = (mod 3), is of the zeroth degree 
in the variables x, y whenever a'>2. The residual intersection, consisting 
entirely in every case of the cuspidal edge of 2 occurring a certain number 
of times, is wanting, since the surface S' does not contain that edge at all. But 
the rejection of the factor x*' from the equation of the surface S has reduced 
the common intersection of the two surfaces by the cuspidal edge counting 3a' 
times, and has consequently not only removed the former residual intersection 
of order three, but has also subjected the curve to a reduction of its order by 
3 (a' — 1), since the cuspidal edge has been rejected that number of times from 
the curve portion of the intersection. Hence, in this case, where p — q — 
(mod 3), the restricted equation <£> = represents a curve (p, q) a , of order 
m=p + 2q — 3 (a' — 1) ; and this curve (p, q) a , is a curve of total intersection 
of the newly found surface S 1 with 2. 

The rejection of the cuspidal edge of 2 thus 3 (a' — 1) times from the curve 
(p, q) effects a reduction by that number in the order of multiplicity of the 
vertex of 2 as a point of the curve ; in the case of the curve (p , q) it has been 
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found that 7t=p — q ; hence, for the curve (p, q) a ,, n = p — q — 3 (a' — 1). 
Similarly, the curve (p, q) a , passes 3 (a' — 1) less times through the cusp of the 
infinite cubic than does the curve (p, q) ; consequently, p = 2q — 3 (a' — 1). 
Since neither n nor p can be negative, the upper limits found already for a' are 
here made evident again ; and here, as in all other cases of curves of total 
intersection thus far considered, n =E (mod 3) . If both n and p have in any 
case the value zero, then must the curve in question be of a more general 
character than the (p , q) of the same order, which is known to pass p — q times 
through the vertex of X and 2q times through the cusp of the infinite cubic 
(since bothp — q and 2q can in no case have the value zero). The curve (p, q) a ,, 
which is, from this point of view, one of the most general curves on 2, occurs 
when 7t=p — q— 3 (a'— l) = p = 2q — 3 (a' — 1) = 0, which demands that 
p = Sq and a' = \q + 1 = \p + 1 ; while m =p, ml = %p, and 2q =p — q= 
(mod 3), making q = (mod 3) and^> = (mod 9). Such a curve is the (9,3) 3 , 
where a = 3 and a' = 3 , while in = 9 , m' = 3 , and n = p = ; this case may 
now be worked out according to the conditions already given, as follows : 
The most general equation of the curve (9,3) is of the form 

«9, 3^ + «8, 3 *V + a 7, 3 *<V + «6, 8 *V + U h 8 *V + «*, 3 *V + <h, 3 # & + «2, 3 *' /«' 

+ a 3i 3 /lV + a M #>• + «uV + *o,si« 8 ) v + (a 7)1 X 7 + a 6)1 tfp + a^tf (i 2 
+ «4,i^V 3 + «3,i*V + « 2 ,i^V 5 + «i,i V + «mpV + Ko^ + a 5 ^V 
+ a 4 ,o^V S + a 3 , ^V 3 + ««,o^V 4 + «i,oV + «o,o|«V 3 = 0. 

Imposing the condition that all terms vanish where (3 = 3a' — 2y — 2 = 7 — 2y , 
and where /? < 3a' — 2j/ — 4 = 5 — 2y , removes \ (3a' — l) 3 — 1=15 terms, 
since it makes a a> 8 = a 3> 8 = a Xi 2 = a 0) 2 = a 5; a = a 3< x = a 2) x = a lt t = a 0( t = a Bi 
== a 4,o = a 3.o = ^,0 == a i,o = a o,o = ; this leaves the equation of the curve 
(p , q) a , in the form 

«9,3^ + « 8 ,3^V + «7,3^V 2 + «6,8*V + a M*V + «4, 3 * V 5 + «3, 3 *' ^ 

+ a 2 ,3^V 7 + a 0,3|« 9 + («8,2^ 8 + «7,2^V + «6,2^V 2 + «5, 2 ^- 5 ^ + «4, 2 ^ V 

+ «m *V 5 ) " + Ki^' + «e,i a-V + «4,i* 4 p 3 ) * 3 + «6,o a- 6 V 3 = 0. 
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Substituting x, y and s for Jl, ft and v respectively, changing y 3 to xh wherever 
possible, and removing the factor x a +" a ' = a: 6 , there remains 

O,, 3 05 3 + a 8 , 3 * 2 2/ + «7, 3 Xf + «6, 3 ^ + «5, 3 «^i + «4, 3 ^ + «3, 3 ««' + «2, 3 V# 
-t" «0, 3 2 3 + «8, 2 *** + «7, 2 »#* + "«, 2 /* + «5, 2 **W + «4, 2 2/2* + «2, 2 ^ 

+ a 7!l a5s a + a 6il ys 2 + a 4il zs 2 + a^s 3 = 0, 

the equation of the cubic surface S', whose intersection with 2 is the curve 
(9, 3) 3 of order <m = p + 2q — 3 (a' — 1) = 9. This equation contains all the 
terms of the most general homogeneous cubic equation in the four variables 
x, y, z, s except the term in y s . Suppose there had occurred the terms a^y 3 
and a' t [ z xh in this equation, making it represent the general cubic surface ; the 
substitution of xh for y 3 in the former term would not have affected the inter- 
section of the surface with 2, and the two terms a'^ 3 y 3 and a'^xh, now a' tt8 x 2 z 
and a^ 3 xh, could have been combined as a single term a M cc 8 z; hence, the inter- 
section of this surface S' with 2 gives the most general curve of total intersection 
that can be cut from 2 by a cubic surface; such intersection is a general 
curve of order 9, and is deservedly ranked as a curve of more general charac- 
ter than those which are required to pass a certain number of times through 
the vertex of 2 or the cusp of the infinite cubic, or both. Similarly, the general 
sextic surface cuts from 2 a curve of the species (18, 6) 6 and of order 18, a curve 
of total intersection, where a = 7 and a' = 5 . And in the same manner may 
be found here the curves of total intersection of 2 with the general surfaces S 
of orders 9, 12, 15, 18, 21, etc., those curves being of the species (27, 9) 7 , (36, 12) 9 ' 
(45, 15) u , etc. 

The curves of total intersection here occurring will be grouped as Class II', 
and may be characterized thus : 

II'. p>q, P — q = (mod 3) , a' > i , m =p + 2q — 3 (a' — 1), n = p — q 
— 3 (a' — 1), p = 1q — 3 (a' — 1) , m' = \ (p + 2q) — a' + 1 , 
f — JR = Hi — R c = . 

Class II' as here described, evidently includes the curves of Class I', as those 
curves were designated on page 279 ; hence, the latter class will no more be 
mentioned as a distinct group, but will be regarded as coming in with Class II' 
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This completes for the present the discussion of the curves (p, q) a ,, where 
p — 5 = (mod 3). 

If jo — q = l (mod 3), it is known that the factor a:", where a has the value 
f (P — <? — 1)> can De rejected in every case from the equation obtained from 
q> =. o by the required substitutions. The conditions under which a factor * a + a ', 
where a' > 1 , can be divided out from that equation are readily found by 
the method employed in the preceding case. For that purpose the exponent 
of x in each term of the equation in question must be as great as a + a' 
= f (P — 2 — 1) + a' ; i. e., it is necessary that h(3 + f {p — q + y), as found 
on page 28 2, be as great as f (p — q — 1) + a', which requires that 

(3>3a'— 2y — 2, if p — q + y — /3 = (mod 3). 
Likewise must 

/3>3a' — 2y, if p — q + y — /3 = 1 (mod 3), 

and /3>3a' — 2y+2, if p — q + y — @= 2 (mod 3). 

These conditions are entirely similar in form and application to those already 
discussed for the case where p — q = (mod 3). Hence, since the terms in the 
group 4> p _ q cannot all be wanting, the largest value is allowed to a' when the 
only non-vanishing coefficient in that group is a p _ g0 ; this leaves a term 
a p _ q , W~ q v q which becomes a p _ q<0 x p ~ q s q ; hence a + a' <p — q, which gives 
for a' an upper limit, a' < i (p — q + 2). There must also occur in the equation 
of (p, q) a , a term free from 2,; and the one giving the highest limit for /3 + 2y , 
and, hence, for a', is a 0i3 [i v ; this term becomes a Qy q y v and 

«o, « V v = a* «*** z ip > if j» = (mod 3) , 

or = « , j» ,( » ~ 1J V^ ~ X) > if i> = 1 (mod 3) , 

or = a , q x i(p ~ 2) tfz i{ *~ % \ if p = 2 (mod 3), 

as given on page 283. Consequently, a + a' has an upper limit %p, |(p — 1) 
or f (j> — 2 ) according as p = , 1 or 2 (mod 3) ; since a = $(p — q — 1), this 
gives as upper limits for a' that 

a'<f? + f, if i? = (mod 3), 

or Sf2S if # = 1 (mod 8), 

or <iq — i, ifi> = 2(mod3). 
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Not only must the appropriate one of these last three conditions be obeyed by 
a', but also in every case must a' < } (p — q -(- 2) . 

To obtain the equation of the curve (p, q) a , from that of (p, q), all terms 
of the latter, which have /? falling below the limits found above, must vanish. 
If (3 = 3a'— 2y + 1 , p — q+y — (3 = p— q— ZaJ + Zy— l=p—q 
— 1=0 (mod 3), and the coefficient <ha.'-i y + i, y is not required to vanish. If 
/? = 3a' — 2y — 1 , p — q+ y — (3 =p — q — 3a' + 3y+ 1 =p — q + 1 
= 2 (mod 3), and the coefficient a 3a '-a Y _i, T must be made to vanish, under 
the requirements of the third condition for (3 above, viz., that (3>3a' — 2y + 2 
if p — q + y — /3 == 2 (mod 3) . These conditions require not only that 
a^ y = 0, when /3 = 3a' — 2y — 1 , but also whenever < /? < 3a' — 2y — 3 . 
But if in any case these conditions require an a ft y to vanish for a combination 
of values of /? and y which do not occur together in any coefficient of the equa- 
tion q> = 0, such a condition must not be counted in making up the number of 
restrictions to be actually imposed on the coefficients of the equation in question. 
The highest value of (3 reached in the conditions is (3 = 3a' — 2y — 1 ; that will 
surpass the highest power of /I appearing in the equation q> = when and only 
when 3a' — 2y — 1 ~^> p — q + y ; if a' takes its largest value | (p — q + 2), 
the condition becomes 1 > Sy, which is unsatisfied except when y = ; hence, 
none of the conditions fails to be applicable when a' <C^(p — q + 2) , and only 
a single one of them is inapplicable when a' = i (p — q -f- 2) ; the coefficient, the 
vanishing of which the inapplicable condition demands, is a 3a /_ 27 _ 1)7 = a i ,„ (Z + li0 , 
and it is evident that no such coefficient ever appears in the equation of the 
curve ( p , q) . 

The number of conditions imposed on the coefficients of the equation of 
the curve (p, q) to make it become the equation of the curve (p, q) a ,, in the 

Hot'— j] 

case where p — <?=1 (mod 3), is then ^ (3a' — 2y — l),ifa'<i(^) — q+2), 

o 
and that number diminished by unity if a' = £ (p — q + 2) ; this sum amounts to 
£(3a') s , if a' is even, and to i(3a' — l)(3a' + 1), if a' is odd; hence the number 
of conditions imposed, when a' < i(p — q + 2), is |(3a') 2 or \ (9a' 3 — 1), accord- 
ing as a' is even or odd ; while, if a' = i ( p — q + 2), the corresponding number 
is J(3a') 2 — 1 or £ (9a' 2 — l) — 1, according as a' is even or odd; but the 
number is always two, if a' = 1 . 
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The general equation q> = 0, where p — 5=1 (mod 3), has been found to 
represent a curve (p, q) of order p+ 2q which is cut from 2 by a surface S of 
order | (p -f 2q + 2) , where the residual intersection consists of the cuspidal 
edge of 2 occurring twice, so that / = 1 , R = 2 , E i = 2 , and R c = . If now 
the condition that a' > 1 be imposed, the surface S' cutting the curve (p, q) a , from 
2 is clearly of order ^ (p + 2q + 2) — a'. The conditions imposed to make the 
equation of S reducible by x a ' will, if a'>l, require that (p, q) a , be a curve of 
lower order than the corresponding (p, q), since the total intersection of S and 2 
suffers a reduction by the cuspidal edge of 2, occurring 3a' > 3 times, while the 
residual intersection for the curve (p, q) consists of that edge occurring only 
twice. But it is evident that the curve (p, q) is not in general subject to any 
other reduction, and the curve (p, q) a , will consequently be in general a proper 
curve, and any residual intersection of S' and 2 will be made up entirely of the 
cuspidal edge of 2. The coefficient a^ v , where ji = 3a' — 2y — 2 and p — q 
+ y — (3 = (mod 3), does not vanish under the conditions of restriction here 
imposed; this condition is possible of satisfaction for ($ in every case, since 
3a' — 2y — 2 > 0, if y = and a' > 1 ; hence there occurs in the equation of 
the surface S' the term derived from that one in $ = of the form 

„ 53a'— 2y— 2 ,.p — q + y — P.,,2— V • 

a 3a' — 2v-S, v A f* v > 

this term, on performing the required substitutions and reductions, becomes 



3a' — 2y— ^y* " ° ' 



which is again 



"Ba' — Zy — 2, v •*' * ° 

On rejecting the factor x a+a ' = a3 |(p ~ 3_1) + a ', this term becomes 

a »*(P — 2 + 2) + v — «' oi — y 

CT 3a'-2Y-2,v Z S ' 

which is of the zeroth degree in x, y; consequently the surface S' does not 
contain the cuspidal edge of 2 at all, and the curve (p , q) „- is accordingly a 
curve of total intersection of 2 and 8 . In the case of the curve (p, q), it has 
been found that n=p — q and p = 2q; since the cuspidal edge of 2 has been 
rejected 3a' times, and since the former residual intersection consisted of that 
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edge occurring twice, it follows that in the case of the curve (p, q) a ,, where 
p — <?=1 (mod 3), n=p — q — 3a' -f 2 and o = 2q — 3a' + 2. The upper 
limits here involved for a' agree with those already found for the case in question. 
Here, again, the curves (p, q) a , of total intersection have 71 =0 (mod 3). If 
both 7i and p have the value zero, then must the curve represented pass through 
neither the vertex of X nor the cusp of the infinite cubic, and hence the curve 
will be of more general character than the (p , q) of the same order, which has 
been found to pass a certain number of times through one or both of those points. 
Such a curve (p , q) „, occurs when n = p — q — 3a' + 2 = o = 2q — 3a' -f 2=0, 
which demands that p = Sq and a' = lq + f = %p + I, while m <. — p,ni' = \p and 
2q = p — q=l (mod 3), making q=2 (mod 3); the (6,2) 3 answering these 
requirements, — that a' = 2, etc., — is cut from 2 by the surface S 1 whose equation 
is determined as follows : 

The general equation of the curve (6,2) is of the form : 

+ « 4 ,1^V + «S,1^V 2 + «2,l*y +«1,1 V + «0,1^) " + Ko^ +«3,0^> 

+ a^V + «i,oV + ao.o^v* = 0. 

The conditions to be imposed on the coefficients, in order that a' may have 
the value two, are found by the method used above to demand that «j i2 = a s 
== a i, i == <h, i — a 3, o == «2, o = a i, o = a o, o == ; this leaves the equation of the curve 
(6, 2) j which is of the form : 

«6,2^ 6 + «M^ 5 |« + «4,»*V + «3,2^V + «2,2^V*+ «0. • P* 

Performing the required substitution, this becomes 

«e,2* 6 + a 5t3 x 5 y + a iti x i y i + « 3 , 2 a;V + a 2 , 2 » V + «o, 2 2/ 6 

+ «5, i a; 5 * + a*, i a 4 2/s j a^a? 2 ?/ 3 * 4 a M a; 4 s 3 = 0; 

changing «/ 3 to cc s a as many times as possible in each term of this equation, and 
rejecting the factor as a+a ' = a; 4 , there results the equation of the surface S' of the 
form: 

«6, 2 « a + a^xy + a^y % -j- a s< , xz + a g> 2 yz + a^z* 

+ <h,i xs + a 4,i2/ s + «2,i^ + «4,oS 2 = 0. 
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This equation is that of the general quadric surface, and thus it is evident 
that the curve (6,2) 2 is the most general curve which can be cut from 2 by a 
quadric surface. 

Similarly, a general curve of order 15 is the (15, 5) 4 cut from 2 by a general 
surface of order 5 ; likewise, the (24, 8) 6 , a curve of order 24, is the total inter- 
section of the cone 2 with a general surface of order 8, the (33, 11) 8 of order 33 
is the total intersection of 2 with a general surface of order 11, the (42, 14) 10 , 
of order 42, is the total intersection of 2 with a general surface of order 14, 
etc., etc. 

These special curves of total intersection (p , q) a , will comprise Class III' 
and may be characterized thus : 

III'. p — q = 1 (mod 3), a' > 1, m — p + 2q — 3a' + 2, n=p — q — 3a' + 2, 
p= 1q — 3a' + 2, m! — \{p + 2q + 2) — a', / = B = R t = B c = 0. 

If p — q= 2 (mod 3), it has been proved that x a , where a = f (p — q — 2), 
is a factor of all the terms of the equation obtained from q> = by the required 
substitutions. The conditions under which cc a+a ', where a'>l, becomes a 
factor in the same equation, are readily found by the method used in the two 
cases already discussed. For the occurrence of such a factor, it is necessary that 
the power of x in each term be as great as a + a' = f (p — q — 2) + a' ; i. e., it 
is necessary that l/? + f(jp — 9.-\ m Y)> as given on page 282, be as great as 
f (p — q — 2) + a', which requires that 

(3 > 3a' — 2y — 4, if p — q + y — $ = (mod 3). 

Likewise must 

P > 3a' — 2y — 2, if p — q + y — (3 = 1 (mod 3) , 

or 

/3>3a'— 2y, if p — q + y — 0= 2 (mod 3). 

As in the preceding cases, the terms in the group 4> p _ g cannot all be wanting, 
and the highest value of a' is allowed when the only coefficient remaining in that 
group is Op_g i0 ; this leaves the term a J> _ M ^ p ~ 9 V s present, which term becomes 
a p _q, x p ~ q s q ; hence a + a'<p — q, whence a'<p — q — a, giving as an upper 
limit for a' that a' < i (p — q + 4) . The restricted equation <£> = must contain 
a term free from % and hence of the fovma 0<y fc p ~ i+y v q ~ y ; this term will permit 
38 
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the highest value of /3 + 2y , and thus of a' , when y = q ; then it is of the form 
a 0iq (i p , which becomes a 0<q y p ; this reduces to 

a , „ a 1 * 2 iJ> . if p = (mod 3) , 

or o^^jp-UygKp-u if ^ = l (mod 3) , 

or a 0)g cc^- 2 >2/¥*- 3) , if 2> = 2 (mod 3), 

as seen on page 283. Consequently, a -f a' has as an upper limit ip, f (p — 1) or 
I (2> — 2) , according as p = 0, 1 or 2 (mod 3) ; since a=-i(p — q — 2) , this 
gives as upper limits for a' the requirement that a'<iq-\-§, f^ + f or \q 
according as p = 0, 1 or 2 (mod 3) . Not only must the appropriate one of 
these last three conditions be satisfied by a', but also, in every case, the condi- 
tion found above, — that a' < i(p — q + 4), — must be fulfilled. 

The equation of (p, q) is made to become the equation of (p, q) a , by reject- 
ing from it all those terms in which (3 falls below the limits found above for it. 
If @=z 3a' — 2y — 1, then p — q 4- y — (3 = p — q + y — (3a'— 2y — 1) 
= p— q + 3(y — a') + 1=1 (mod 3), and no coefficient a^ y need vanish for 
such a value of /3. If (3 = 3a' — 2y — 3 , then p — q + y — (3 = p — q + y 

— (3a' — 2y — 3) = p — q + 3 (y — a' + 1) = 2 (mod 3) , and the coefficient 
«3a'-2 V -3,Y mus t vanish. Likewise must every coefficient a^ y vanish where 
0<^<Za' — 2y — 5. It may happen here that (3, y and a' may satisfy the 
conditions for such an arrangement of values of (3 and y as does not occur in the 
equation $ = 0, in which case the condition in question should not be counted 
in making up the total number of conditions to be imposed on that equation. 
Such an inapplicable condition occurs when (3 = 3a' — 2y — 3 is greater than 
the power of X occurring with the value of y in question, i. e., when 3a' — 2y 

— 3 >_p_ — <? + y; since a' <i(p — $ + 4), such a case can arise only when 
p — q + 4 — 2y — 3 >^> — q -\-y,i. e., when 1 > Sy , and this is satisfied only 
when y = ; hence, one of the above conditions is inapplicable when and 
only when a' = | (p — q -f- 4) and y = . The coefficient required to vanish in 
this case is a p _ q + h0 , and no such coefficient appears in the equation q> = 0. 

The number of conditions imposed on the coefficients of the equation <£ = 

to obtain the equation of the curve (p, q) a , in the case in question, where p — q 

[* («'-i)] 
= 2 (mod 3), is ^ (3a' — 2y — 3) , if a' < J (p — q + 4) ; this sum amounts to 
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\ (3a' — 2) 2 , if a/ is even, and to f (a' — l)(3a' — l) if a! be odd and greater 
than unity, but to unity, if a' = 1 ; hence, the number of conditions imposed, when 
a'=z^( p — g + 4), is £(3a' — 2) 3 — 1, if a' is even, and f (a' — l)(3a'— 1) — 1, 
if a' is odd ; a' cannot take the value unity in this case, since a' = i(p — q + 4) = 1 
requires that p — q = — 1, which is impossible,^) always being at least as great 
as q in the geometry on X . 

The general equation <£ = o, for any possible values of p and q, where 
p — q = 2 (mod 3), has been found to represent a curve (p, q) of order p + 2q, 
cut from X by a surface S of order | (p -f 2^ + 4), the residual intersection con- 
sisting of the cuspidal edge of X occurring 4 times, while /= 2, i2 = 4, -fi^ = 4 , 
R c = 0. If a' = 1, the equation of the resultant surface of intersection S' must 
be of degree as great as unity in x, y, since the equation of the surface S was 
found to be of degree two in x, y, and the factor x a ' = x only has been 
rejected to obtain the former equation from the latter ; the coefficient a M = 0, 
in accordance with the conditions imposed here, and that is the only coefficient 
made to vanish in this case ; some term in the variables jK,r of the form 
a^ y (i p ~ q + y v q ~ y , where y >1 , must appear, otherwise the equation of the curve 
(p, q)j would be reducible at once by X; the term a 0>y (i p ~ q + y v q ~ y , under the 
required substitutions, takes the form 

a 0iy x i(p - q + y) z i(p - q + y) s q - y , if p — ? + y = (mod 3), 

«o,v x i ®- q + y - 1) yz i(p - q: + y - 1) s q - y , if p— q+ y = l (mod 3), 

or a^ y x ilp -' 1 + y - z) y z z i(p - q + y - z) s ,1 - y , if p— q + y= 2 (mod 3). 

The condition that p — g== 2 (mod 3) demands that y take a value at least as 
great as two in some term of the equation ; y = 2 makes p — q + y=El (mod 3), 
giving a term a ^x i<J, ~ q + 1) yz m ~ q + 1) s q ~ 2 ; the rejection of the factor x a + a ' 
==a .§ti>-4 + i) leaves this term of degree unity in x, y and containing the variable 
y ; hence the surface S' contains the cuspidal edge of 2 twice and only twice ; 
thus the residual intersection of X and S' is made up in this case of the cuspidal 
edge of X occurring twice ; consequently, m! = \{p+2q +4) — 1=^(^4-22+1) 
&ndm = p+2q — 1, while/=l, it! =2, B ( = 2, E c = 0. The curve (p, q) 
was found in the cases in question to have n — p — q ; that curve has now been 
broken up into the curve (p, q\ and the cuspidal edge occurring once, since the 
total order in each case is p -\- 2q; hence the curve (p, q) x has n=p — q — 1, 
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and, similarly, p = 2q — 1. Curves (p, q) 1} which are none of them curves of 
total intersection, when p — q= 2 (mod 3), will be grouped as Class IV", and 
may be characterized thus : 

IV". p — 2 = 2 (mod 3), a' = 1, tn=p-\- 2q — 1, n = p — q — 1, 

p=2q — l,m' = i(p+ 2q + l),f=l, B=2, i2,= 2, B c = 0, 

If a' > 2, the surface S' must be of order less by a' than the order of S, i. e. 
m' = i(p+ 2q + 4) — a'. As in the preceding cases, the curve (p, q) a , will be 
in general, a proper curve, and the entire residual intersection will be made up of 
the cuspidal edge of 2 occurring the necessary number of times. The coefficient 
a Pt y , where /3 = 3a' — 2y — 4 and p — q + y — /3 =p — q + 3y — 3a' + 4 = 
(mod 3) does not vanish under the conditions imposed ; this condition is possible 
of satisfaction in every case in question, since 3a' — 2<y — 4 > so long as a' > 2 ; 
hence there occurs in the equation of the curve (p, q) a , a term or terms of the 

forma ^ ,^V P ~' z + v ~^ <z " v = «3«'-2v-4,v^ a '" 2v "V P " 3 + 3l ' _3a ' + ' t ^ _, '; this term 
becomes a 8a ,_^_ 4iY a; 8a '- 2 *- 4 + J( p-« ) + ^- 8a ' + M ( *- 2 + 4) + *- a V- 1 ', and on reject- 
ing jc a + a ' = a; S(1 '-«- 8)+a ', this becomes a 3a ,_^ t _ ify z i(p -' l + i) + y ~ a ' ««-*, which 
involves neither x nor y; hence S' does not contain the cuspidal edge of 2, there 
is no residual intersection, and consequently all curves (p, q\, where a'> 2 and 
p — q=2 (mod 3) , are curves of total intersection of 2 and a surface S'. The 
curve (p, q) a , is of order m — 3 [i(p + 2q + 4) — a'] =p + 2q — 3a' + 4, 
which is less by 3a' — 4 than the order of the curve (p , q) ; this reduction in 
order has resulted from rejecting the cuspidal edge of 2 3a' — 4 times ; hence the 
number of times the curve (p, q\, passes through the vertex of 2 must be less 
than in the case of (p, q) by that same number; thus it is found here that 
n = p — q — 3a' + 4. In like manner it is seen that o = 2q — 3a' + 4. Here 
again n= (mod 3). If both n and p have the value zero, then must the curve 
(P > ??)<»' contain neither the vertex of 2 nor the cusp of the infinite cubic, and 
hence is a more general curve than a (p, q) of the same order, which must 
always contain one or both of the two points in question. Such a curve (p, q) a , 
is given when n=p — q — 3a' + 4 = p= 2q — 3a' + 4=0, which requires 
that p = 3q and a' =iq -ff= ip + § , while <m=.p, m!=^p, and 2q=p 
— q=2 (mod 3), making q = 1 (mod 3) ; the (3, 1)! answering these conditions, 
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— that a' = 2, etc., — is cut from 2 by the surface S' whose equation is found as 
follows: The most general equation of a curve (3, 1) is of the form 

«3,i^ 3 + «a,i^V + «i,iV + «o,n" 3 + («2,o^ + «i,oV + a , (j, 2 )v = 0. 

The conditions to be imposed on the coefficients of this equation, in order that 
a' may take its greatest value two, are found by the method used above to be in 
number J (3a' — 2) a — 1 = i (6 — 2) 8 — 1 = 3; these conditions are satisfied by 
making a hl =■ a x i0 = a 0i0 = 0, the other coefficients remaining; this leaves the 
equation of the curve (3, l) x , which is then of the form 

«s,i^ 3 + «s,i^V + a o.i/« 3 + <h,o"^v = 0. 

Performing the required substitution, this becomes 

a 3il x 3 + a 2il !K?y + a 0il y 3 + a St0 x % s = 0, 

and the change of y 3 to x*z allows the rejection of the factor a; 2 , so that the 
equation of the surface $ is found to be 

«3,1» + «8,l2/ + «0,l3 + «2,0« = 0, 

the most general equation of the plane; hence the curve (3,1)! is the most 
general curve which can be cut from 2 by a plane. 

Similarly, the (12,4) 4 of order 12 is the total intersection of 2 with the 
general quartic surface ; the (21,7) 6 , a curve of order 21, is the total intersection 
of 2 with the general surface of order 7 ; the (30,10) 8 , a curve of order 30, is 
the total intersection of 2 with the general surface of order 10 ; etc., etc. 

These special curves (p. q) a , of total intersection will form Class IV and 
may be characterized thus : 

IV. p — q=2 (mod 3), a'> 2, rn =p + 2q — 3a' + 4, n =p — q — 3a' + 4, 
o = 2q — 3a' + 4, w' = i (p + 2q + 4) — a', /= E = B t = B e = . 

Letting C denote the number of conditions imposed on the equation of 
general form to obtain the restricted equation $ = , the results derived in the 
preceding pages may be collected and arranged thus : 
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Curves (p, q) Given by Equations of General Form. 

1. Curves of Total Intersection. 

I. p — q, m = Sp, 71 = 0, p= 2q= 2p, m'=p,/=B = Bi = R C = 0. 

2. Curves of Partial Intersection. 

II. p>q, p — g = (mod 3), m=p + 2q, 7t=p — q, p = 2q, 

m' = i(p+2q)+l,f=l,R=3,R i =2,R <! = l. 

III. p — q = 1 (mod 3) , m =p + 2q, n =p — q, o = 2q, 

m' = i(p + 2q+2),/=l,R=2,R i =z2,R e = 0. 

IV. p — q=2 (mod 3), m=p + 2q, n=p — q, p=-2q 



rri 



= i(p + 2q + 4), /= 2, R = 4, B t = 4, R e = 0. 



Curves (p, q) Given by Equations of Special Form. 

1. Curves of Total Intersection. 

IF. i>>£, p — q — (mod 3), a'>l, m =p + 2q — 3 (a' — 1), 

n=p — q — 3 (a' — 1), p= 2q — 3 (a'— 1), m' = i (p -{- 2q) — a' + 1 
f=R=R i z=R e z=o ; here a' < % (p — q) + 1, 



and also 



riq+ 1, if ^ = (mod 3), 

a'<Kl? + *, ifjp=l (mod 3), 

liq — i, ifi>=2(mod3), 



and ( fa' (3a' - 2) + 1 , if a' < £ (p — q) + 1 and even, 

i(3a'— l) s , if <x'<£(*,^2) + 1 and odd, 

G=\ov if a ' = i(p — q) + 1 = 1, 

fa' (3a' — 2) , if a' = £ (p — q) + 1 and even, 

i(3a' — l) 8 — 1, if a' = $(p — q) + 1>1 and odd. 

Ill', p — q = 1 (mod 3), a' > 1 , m, = p + 2q — 3a' + 2, n =p — £ — 3a' + 2 , 
p = 2# — 3a' + 2,m' = i(^+2^+ 2) — a', /= R = # 4 = R e = 0; here 
a'<*(2>~2 + 2), 

and also f fa + f . if 4> = ° ( mod 3 ) . 

*' <\§q , if i>=l (mod 3), 
If? — f, if p = 2 (mod 3), 
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and 



C = 



(ia'Y, if a' < £ (p — q + 2) and even, 

i (9a' 2 — 1) , if a' < * (p — q + 2) and odd, 

or if o' = i(j) — q + 2) = 1, 

(fa') 2 — 1 , if a' = i (p — q + 2) and even, 

L i (9a' 2 — 1) — 1 , if a' = i (p — q + 2) and odd. 



IV. 



J? — 5' = 2 (mod 3), a' > 2, rn =p-\- 2q — 3a' + 4, 7i=j? — q — 3a' + 4 
p=2q — 3a' + 4, m' = i(p + 2^ ■+- 4) — a', /= R = jBj = i2c= ; here 
a'<i(p — q + 4), 



and also 



and 



a 



(#2 + 4. ifp = 0(mod3), 

<\iq+i, ifp = l (mod 3), 

liq , if j? = 2 (mod 3), 



' i (3a' — 2) 2 , if a' < i Qj — # + 4) and even, 

I (a' — l)(3a' —1) tf a'<i(p — q + 4) and odd, 
C = \ i(3a'— 2) 2 — 1, if a ' = i(p — £+ 4) and even, 
| |(o' — l)(3a'— 1), if a'= i(i> — q + 4) and odd 

(the case where a' = i (p — q + 4) = 1 coming under IV"). 






2. Curves of Partial Intersection. 

IV". p — q = 2 (mod 3),a'=l, wi = jp -f 2<? — 1 , it =p — q — 1 , 

p=2q— 1, m' = itP+ 20+1), /=1, B-2, E ( =2, B e = 

and (7=1. 

The following table gives the results found by the formulae given above for 
the cases of all proper curves (p , q) for values of p and q as far as the curve 
(8,6). 



TABLE. 



p 


1 I 


—2 


a' 


C 


m 


7T 


P 


Class 


m' 


f B Mi 


B c 


p 


q p 


—<2 


a' 


C 


m 


IT 


P 


Class 


m' 


/ 


M Mi 


_ffi c 


1 





1 








1 


1 





III. 


1 


1 


2 


2 





6 


4 


2 








14 


2 


8 


IV. 


6 


2 


4 


4 





1 


1 











3 





2 


I. 


1 




















1 


1 


13 


1 


7 


IV." 


5 


1 


2 


2 





2 


1 


1 








4 


1 


2 


III. 


2 


1 


2 


2 











2 


3 


12 





6 


IV/ 


4 














2 


2 











6 





4 


I. 


2 














6 


5 


1 








16 


1 


10 


III. 


6 


1 


2 


2 





3 


1 


2 








5 


2 


2 


IV. 


3 


2 


4 


4 











1 


2 


15 





9 


III.' 


5 




















1 


1 


4 


1 


1 


IV." 


2 


1 


2 


2 





6 


6 











18 





12 


I. 


6 




















2 


3 


3 








ivy 


1 














7 


1 


6 








9 


6 


2 


II. 


4 


1 


3 


2 


1 


3 


2 


1 








7 


1 


4 


in. 


3 


1 


2 


2 











1 


1 


9 


6 


2 


II.' 


3 




















1 


2 


6 





3 


in/ 


2 














7 


2 


5 








11 


5 


4 


IV. 


5 


2 


4 


4 





3 


3 











9 





6 


i. 


3 




















1 


1 


10 


4 


3 


IV." 


4 


1 


2 


2 





4 


1 


3 








6 


3 


2 


ii. 


3 


1 


3 


2 


1 








2 


4 


9 


3 


2 


IV.' 


3 




















1 


1 


6 


3 


2 


ii/ 


2 














7 


3 


4 








13 


4 


6 


III. 


5 


1 


2 


2 





4 


2 


2 








8 


2 


4 


IV. 


4 


2 


4 


4 











1 


2 


12 


3 


5 


III.' 


4 




















1 


1 


7 


1 


3 


IV." 


3 


1 


2 


2 











2 


8 


9 





2 


III.' 


3 




















2 


3 


6 





2 


IV.' 


2 














7 


4 


3 








15 


3 


8 


II. 


6 


1 


3 


2 


1 


4 


3 


1 








10 


1 


6 


III. 


4 


1 


2 


2 











1 


1 


15 


3 


8 


II.' 


5 




















1 


2 


9 





5 


Ill/ 


3 




















2 


6 


12 





5 


11/ 


4 














4 


4 











12 





6 


I. 


4 














7 


5 


2 








17 


2 


10 


IV. 


7 


2 


4 


4 





5 


1 


4 








7 


4 


2 


III. 


3 


1 


2 


2 











1 


1 


16 


1 


9 


IV." 


6 


1 


2 


2 





5 


2 


3 








9 


3 


4 


II. 


4 


1 


3 


2 


1 








2 


3 


15 





8 


IV/ 


5 




















1 


1 


9 


3 


4 


II.' 


3 














7 


6 


1 








19 


1 


12 


III. 


7 


1 


2 


2 





5 


3 


2 








11 


2 


6 


IV. 


5 


2 


4 


4 











1 


2 


18 





11 


Ill/ 


6 




















1 


1 


10 


1 


5 


IV." 


4 


1 


2 


2 





7 


7 











21 





14 


I. 


7 




















2 


3 


9 





4 


IV/ 


3 














8 


1 


7 








10 


7 


2 


III. 


4 


1 


2 


2 





5 


4 


1 








13 


1 


8 


III. 


5 


1 


2 


2 





8 


2 


6 








12 


6 


4 


11/ 


4 




















1 


2 


12 





7 


Ill/ 


4 




















1 


1 


12 


6 


4 


11/ 


4 














5 


5 











15 





10 


I. 


5 














8 


3 


5 








14 


5 


6 


IV. 


6 


2 


4 


4 





6 


1 


5 








8 


5 


2 


IV. 


4 


2 


4 


4 











1 


1 


13 


4 


5 


IV." 


5 


1 


2 


2 











1 


1 


7 


4 


1 


IV." 


3 


1 


2 


2 











2 


4 


12 


3 


4 


IV/ 


4 




















2 


4 


6 


3 





IV/ 


2 














8 


4 


4 








16 


4 


8 


III. 


6 


1 


2 


2 





6 


2 


4 








10 


4 


4 


III. 


4 


1 


2 


2 











1 


2 


15 


3 


7 


Ill/ 


5 




















1 


2 


9 


3 


3 


Ill/ 


3 




















2 


8 


12 





4 


III/ 


4 




















2 


8 


6 








III/ 


2 














8 


5 


3 








18 


3 


10 


II. 


7 


1 


3 


2 


1 


6 


3 


3 








12 


3 


6 


II. 


5 


1 


3 


2 


1 








1 


1 


18 


3 


10 


11/ 


6 




















1 


1 


12 


3 


6 


11/ 


4 




















2 


6 


15 





7 


11/ 


5 




















2 


6 


9 





3 


11/ 


4 














8 


6 


2 








20 


2 


12 


IV. 


8 


2 


4 


4 
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